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1. Introduction

One of important questions in general relativity is on the final fate of gravitationally collaps-

ing compact objects such as massive stars. This question, to some extent, was answered by

the singularity theorems in late sixties [1], in which the gravitationally collapsing physically

reasonable matter always gives rise to an emergence of spacetime singularities. However,

they did not present any informations on their physical properties - for example, how

about their energy densities, spacetime curvatures, and causal structures. The answers on

these issues can be provided by means of the study of gravitational collapse in the context

of general relativity. The first theoretical study of collapsing homogeneous dust ball was

achieved by Oppenheimer and Snyder [2]. They considered the interior metric describ-

ing the evolution of homogeneous dust as the Friedmann-Robertson-Walker (FRW) metric

and matched it with the exterior Schwarzschild black hole solution on the edge of the dust

cloud. As a result, they examined the dynamical evolution of spherically collapsing dust

clouds and found that the collapse forms a Schwarzschild black hole as an outcome of the

gravitational collapse. Many extensive studies on the gravitational collapse and a naked

singularity have been done for more realistic case of inhomogeneous dust [3 – 5], matters

with pressure [6], non-spherical symmetric matters [7], and scalar fields [8 – 10], which are

based on the context of general relativity in four dimensions.

On the other hand, after the discovery of the black hole solution in (2+1) dimen-

sions [11], the issue on the gravitational collapse became more intriguing in connection

with the black hole formation and the naked singularity in anti-de Sitter (AdS) space-

times. In the context of general relativity, several issues of the gravitational collapse have

been extensively studied for a disk of pressureless dust ball [12], a formation of conical

singularities [13], a black hole formation from colliding point particles [14], the critical
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phenomena of black hole formation [15], collapsing shell of radiation [16], and thin-shells

of various sorts of matter including presureless dust, polytropic fluids (and perfect fluids),

and the generalized Chaplygin gas (GCG) [17], which are consistent with other results in

four and two dimensions as well [18]. However, very little study on this issue in the frame-

work of string theory has been done to date, despite it has been regarded as a promising

candidate of quantum gravity. The central reason of this might be due to the difficulty of

solving equations of motion with the dilaton and other charges. The gravitational collapse

in two-dimensional dilaton gravity and matching conditions were investigated in ref. [18],

which is the only study on the relevant issue in the viewpoint of the string theory. In this

sense, it is interesting to study the issues on the gravitational collapse in the framework of

string theory.

In this paper, the gravitationally collapsing cylindrical dust clouds in (2+1)-

dimensional low-energy string theory is considered. As is well-known, there are two classes

of solutions - one is the Banados-Teitelboim-Zanelli (BTZ) type black hole solution with a

constant dilaton, another is the asymptotically flat black string solution with a nontrivial

dilaton configuration, which are connected by T -dual symmetry [19]. In order to deal with

the collapse problem in string theory appropriately, apart from the study in general rela-

tivity, one must require some additional matching conditions for the field contents in string

theory (for example, the dilaton field and the Neveu-Schwarz (NS) two-form field), which

will alter the equation of motion and determine the dynamical evolution of the collapsing

matter.

The main interest in our study is to see if the cylindrical pressureless dust collapses

to either a black string solution or a naked singularity, comparing it with the results in

AdS spacetimes and BTZ black holes [12, 17]. In section 2, the black string solution is

taken as an exterior spacetime and junction conditions on the edge regarding various fields

in string theory are derived. In section 3, this solution is matched to the exterior metric

and exact solutions describing the evolution of the radius of edge are found. In section 4,

the time-dependent collapsing solutions in the interior space are found on the edge. In

section 5, the collapse of dust clouds in Minkowski spacetimes is investigated. Finally, we

summarize and discuss our results in section 6.

2. The exterior black string metric and matching conditions

Let us start with the neutral sector of the three-dimensional low-energy string theory,

Stot =
1

2κ2

∫

dx3√−ge−2φ

[

R + 4(∇φ)2 +
4

ℓ2

]

+ SM, (2.1)

where κ2 ≡ 8πG(3), ℓ−2 = −Λ is a negative cosmological constant, and SM is a matter

action. Varying (2.1) yields equations of motion,

e−2φ(Rµν + 2∇µ∇νφ) = κ2TM
µν , (2.2)

R − 4(∇φ)2 + 4¤φ +
4

ℓ2
= 0, (2.3)
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where TM
µν ≡ 2δSM/

√−gδgµν = ρuµuν . Equations of motion (2.2) and (2.3) lead to a set

of static uncharged black string solutions,

(ds)2 = −F(R)dT 2 +
ℓ2dR2

4R2F (R)
+ dx2, (2.4)

φ(R) = −1

2
ln(Rℓ), (2.5)

where

F(R) = 1 − M
R

, (2.6)

which are dual to the three-dimensional BTZ black hole solution with the constant dilaton

field [19]. Note that {T,R, x} is a coordinate system describing the exterior spacetime.

To derive junction conditions on the edge, let us define a distribution function as

Θ(L) ≡ 1 (0) for L > 0 (L < 0), where L is a geodesic coordinate. This distribution

function has the following properties,

Θ(L)Θ(−L) = 0, Θ2(±L) = Θ(±L),
d

dL
Θ(L) = δ(L), (2.7)

where δ(L) is a Dirac’s delta function. Decomposing the metric and the dilaton, gµν =

Θ(L)g+
µν +Θ(−L)g−µν and φ = Θ(L)φ++Θ(−L)φ−, where (+) and (−) denote the outer and

the inner spacetimes, respectively, then the first junction conditions from the continuity of

their first derivatives are found,

[gij ] = 0, [φ] = 0, (2.8)

where [A] ≡ A+ − A−. The second derivatives of the metric and the dilaton field will

produce the second junction conditions . Since the second derivative of the metric depends

on the extrinsic curvature along the hypersurface of the edge, the second junction condition

becomes

[Kij ] = 0, (2.9)

while the second junction condition for the dilaton field to the tangential direction iden-

tically vanishes since its first derivative is normal to the hypersurface.12 However, the

condition to the normal direction is given by

[nα∂αφ] = 0, (2.10)

in the absence of the dilaton source on the hypersurface.3

1See the section 3 in ref. [23] for the explicit derivation.
2Adding NS-field needs an additional junction condition, [Bij ] = 0 and the solutions for NS field between

inside and outside should be matched. This requires that the only non-vanishing component of the NS-

field inside should be Bxt and furthermore it depends only on the time t, i.e. Bxt = Bxt(t). Due to

the antisymmetricity, the field strength for this configuration vanishes inside the clouds. See ref. [24] for

cosmology of antisymmetric tensor fields on D-brane.
3Detailed analyses of the singular hypersurfaces for the scalar-tensor theories of gravity are shown in

ref. [25]
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First of all, we need to investigate the junction condition of the dilaton to the normal

direction, eq. (2.10), which is expressed in the form of

2

ℓ
F Ṫ = nr∂rφ, (2.11)

where nα is a normal vector to the hypersurface. Since there exists a nontrivial dilaton

radiation toward the normal direction [25], the inner configuration of the dilaton field

cannot have a homogeneous one such as φ = φ(t), instead it should be at least φ = φ(t, r).

Otherwise, Ṫ = 0 leads to a strong restriction to the equation of motion, which admits a

solution, starting to collapse only from the inside an event horizon and this is not what we

wish.

In general, the collapse of dust ball with a non-trivial dilaton field is expected to have

a time-dependent exterior solution since there obviously exists a dilaton radiation as it

collapses. This can be obtained by assuming the homogeneous dust distribution inside

the cloud. However, we wish to see the gravitational collapse of dust to the static black

string solution as a final state of the collapse. In this case, the inhomogeneous setup inside

the cloud is inevitable. In addition, the interior metric should have the same topological

structure of R2⊗S1 to the exterior metric, eq. (2.4) since they should be smoothly matched

on the edge of the cloud. From these facts, the interior space of inhomogeneous dust clouds

is chosen to be the cylindrical form of the three-dimensional metric, comparing to the

exterior metric, eq. (2.4),

(ds)2 = −dt2 + a2(t, r)dr2 + dx2, (2.12)

where a(t, r) is a scale factor and {t, r, x} is a comoving coordinate system.

3. Matching on the edge

In the exterior coordinates, the energy-momentum tensor, TM
µν , vanishes and the exterior

metric is governed by the metric (2.4). In the interior metric, the edge of the dust cloud is

located at r = r0 while it is located at R = R(t) in the exterior metric. Then the exterior

metric on the edge of the cloud is

(ds)2edge = −F(R)dT 2 +
dR2

F(R)Ω(R)
+ dx2, (3.1)

where Ω(R) ≡ 4R2/ℓ2. Since the boundary on the edge should be connected smoothly,

matching conditions for metrics and dilaton (2.8) and (2.10) will be required [20, 21]. Then,

the induced metric on the edge at r = r0 is

(ds)2edge = −dt2 + dx2, (3.2)

and the first junction condition [gij ] = 0 gives

Ṫ =
1

F

√

Ṙ2

Ω
+ F (3.3)
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for the successful matching of both metrics.

On the other hand, the extrinsic curvature tensor is defined by

Kij = −nσ

δeσ
(i)

δξj
= −nσ(∂je

σ
(i) + Γσ

µνeµ
(i)e

ν
(j)), (3.4)

where nσ is the normal to the edge of the dust clouds, eσ
(i) are the basis vectors on the

edge, and ξj refer to the coordinates on the edge. In the interior coordinates, we have basis

vectors,

eσ
(0) = (1, 0, 0), eσ

(1) =

(

0, 0,
1

a(t)

)

, (3.5)

and the unit normal vector, nσ = (0, a(t), 0) while in the exterior coordinates, one finds

eσ
(0) = (Ṫ , Ṙ, 0), eσ

(1) = (0, 0, 1) , (3.6)

and nσ =
(

−Ṙ/
√

Ω, Ṫ /
√

Ω, 0
)

. It is found that all components of the extrinsic curvature

tensor vanish in the interior coordinates while the nonvanishing component of the extrinsic

curvature tensor in the exterior coordinates is given by

K+
tt = −

√
Ω

d

dR

√

Ṙ2

Ω
+ F . (3.7)

Thus the second matching condition for the extrinsic curvature, [Kij ] = 0, leads to a

equation of motion for R(t),

d

dR

√

Ṙ2

Ω
+ F = 0, (3.8)

which has a solution of
Ṙ2

Ω
+ F = η2, (3.9)

where η is an integration constant.

Alternatively, eq. (3.8) can be rewritten in the form of an effective potential as

Ṙ2 + Veff(R) = 0, (3.10)

where

Veff(R) = Ω(F − η2) =
4R2

ℓ2

(

1 − η2 − M
R

)

. (3.11)

Note that η is an integration constant determined by an initial condition as

η2 = 1 − M
R0

+
u2

0ℓ
2

4R2
0

, (3.12)

where u0 ≡ Ṙ0 is an initial velocity of the cloud edge and R0 is an initial position of the

edge of the dust cloud. The plot of the effective potential is depicted in figure 1.

An exact solution of eq. (3.10) is

R(t) =
M

η2 − 1
sinh2

[

√

η2 − 1

ℓ
(t − tc)

]

, (3.13)
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V(R) horizon

R

R  =M

R

h

Figure 1: A cartoon view of the effective potential for the formation of the black string. Once

the initial position is fixed, R0 < Rmax = R0 +
u
2

0
ℓ
2

4MR0

unless u0 = 0, then the edge of dust clouds

collapses to a black string.

where the collapse time tc is found to be

tc =
ℓ

√

η2 − 1
arcsinh

√

(η2 − 1)R0

M , (3.14)

which is clearly finite and positive for all allowed R0 and u0. The behavior of collapsing

dust edge is depicted for varying black string masses and initial velocities in figure 2. One

of interesting properties of this solution is that the final velocity of the edge, Ṙc ≡ Ṙ(tc)

vanishes, which implies that the dust edge will stop at the end of the collapse. This is

drastically different from the results in refs. [12, 17].

On the other hand, an event horizon will form around the collapsing dust at Rh and

the comoving time th at which the event horizon and the dust edge coincide can be found

at a position of an event horizon, Rh,

th = tc −
ℓ

√

η2 − 1
arcsinh

√

η2 − 1

M Rh, (3.15)

which is clearly finite and positive. However, the coordinate time at which an observer

outside the dust clouds will observe the collapse differs from the comoving time. A light

signal coming from the dust surface at Tf should satisfy the null condition, dR/dT =

2(R −M)/ℓ and it arrives at Rf at time,

Tf = T0 +

∫ Rf

R0

ℓdR

2(R −M)
= T0 +

ℓ

2
ln

(

Rf −M
R0 −M

)

, (3.16)

which clearly diverges as t → th (Rf → M = Rh). Therefore, the collapse of dust cloud is

unobservable from the outside observer when it coincides with the black string horizon.
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Figure 2: a) l.h.s.: Plots of the collapsing dust egde for various values of M for u0 = 1 when ℓ = 1

and R0 = 5. b) r.h.s.: Plots of the collapsing dust edge for various values of u0 for M = 2 when

ℓ = 1 and R0 = 5.

The ratio of the comoving time interval dt between wave crests from the dust and

the interval dT̃ between arrived wave crests to observers is equal to that of the natural

wavelength λ emitted with no gravitation and the observed wavelength λ̃, which defines

the redshift from the dust edge by

z =
λ̃

λ
− 1 =

dT̃

dt
− 1 =

√

ℓ2Ṙ2

4(R−M)2
+ 1 − ℓṘ

2(R−M)
− 1. (3.17)

The redshift diverges when t approaches to th (i.e. R → M = Rh), which implies that the

dust cloud fades from the observer’s eyesight.

We note that the only spacetime singularity is at R = 0, which is easily seen by

evaluating the Kretschmann scalars, K = 16M2/R2ℓ4 in the exterior coordinates and

K = 4
[

2ä2 + ȧ4
]

/a4 in the interior coordinates.

4. The interior collapsing dust solutions

In the interior spacetime, the Eintein equations given by the use of the interior metric

ansatz, eq. (2.12), are

e−2φ

(

−2ä

a
+ 2φ̈

)

= κ2ρ, (4.1)

aä + 2

(

φ′′ − aȧφ̇ − a′

a
φ′

)

= 0, (4.2)

a2φ̇2 − φ′2 − a2φ̈ +
a2

ℓ2
= 0, (4.3)
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where the first two equations are the ones from the variation with respect to the metric

while the last one is the dilaton equations. The conservation of the energy-momentum

tensor, ∇µT µν = 0, yields ρ(t, r)a(t, r) = ρ0(r)a0(r). The matching conditions for the

dilaton, [φ] = 0 and [nα∂αφ] = 0, yield

e−2φe(t,r0) = R(t)ℓ (4.4)

φ′
e(t, r0) = − ae

2R

√

Ṙ2 +
4R2

ℓ2

(

1 − M

R

)

, (4.5)

where φe ≡ φe(t, r0). Plugging these into eq. (4.3), one finds

Ṙ2 −RR̈ − 2MR
ℓ2

= 0, (4.6)

which is equivalent to eq. (3.10). This implies that the combination of the second junction

condition and the dilaton equation are nothing but the equation of motion from the second

junction condition with respect to the extrinsic curvature. Therefore, the second junction

condition for the dilaton gives no additional constraint to the equation of motion, (3.10).

Eqs. (4.3), (4.4), and (4.5) yield a solution for R(t) on the edge at r = r0, which will

be used as a boundary condition in solving the interior equation of motion. The remaining

equations are eqs. (4.1), (4.2), and the energy-momentum conservation law as seen above.

Generically, they cannot be solved because of the deficiency of the number of equations

since there are six unknowns but only three independent equations. However, on the edge

at r = r0, eqs. (4.4) and (4.5) can be used as a boundary condition and we already know

the edge solution of R(t). More precisely, substituting eq. (4.4) into eq. (4.1) on the edge,

r = r0 yields

Rℓ

(

−2äe

ae
+

Ṙ2

R2
− R̈

R

)

= κ2ρe = κ2 ρ0a0

ae
, (4.7)

where ae ≡ a(t, r0). Using eqs. (3.13), eq. (4.7) can be solved by setting some parameters

in a numerical manner.4 Indeed, we used a collapsing initial condition, ȧ < 0 and Ṙ < 0,

in solving the equations of motion. It is easily checked that the scale factor ae(t) vanishes

at the collapse time, eq. (3.14), by setting these initial conditions appropriately. In general,

one finds a certain relation between parameters inside and outside the cloud such as ρ0 and

M , which might be obtained by identifying the collapse time of the edge, eq. (3.14) with

the collapse time at which the scale factor vanishes. However, in this analysis, it is not

easy to find the precise relation between those initial conditions since we do not know the

analytic solution inside the cloud. Instead some numerical searches find that there exists

the relation by fixing some initial conditions.

Numerical plots for the scale factor, the energy density, and the dilaton field are

illustrated in figure 3.

4The fourth-order Runge-Kutta method was used here.
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Figure 3: Some numerical solutions of the dust cloud in the interior spacetimes: the lhs describes

a collapsing dust cloud solution while the rhs shows the diverging energy density and dilaton field.

We set parameters for this numerical analysis as κ = 100, ρ0 = 1, ℓ = 1, R0 = 5, ae
0

= 5, M = 952,

ȧe
0

= −30, and Ṙ0 = −30.

5. Collapse in Minkowski spacetimes

The main interest of this section is to see if the collapse can form a naked singularity in a

finite collapse time. The exterior metric is assumed to be the Minkowskian metric, F = 1,

which is equivalent to M = 0.5 Then the equation of motion is written as

Ṙ2 + Veff(R) = 0, (5.1)

where the effective potential is Veff(R) = −u2
0R2/R2

0. Because of the shape of the potential

(see figure 4), there are two sorts of collapse scenarios, depending on its initial velocity, u0.

An exact solution is evaluated by R(t) = R0e
±|u0|t/R0 , which shows that if the positive

sign is chosen, then the edge will expand indefinitely while the edge will collapse to a point

for the negative sign. This feature is shown in the figure 4. At this stage, one may have

a question on the final state after the collapse. Since there is no even horizon, if the

dust cloud collapses to a point and forms a curvature singularity, then a naked singularity

will appear. Indeed, the Kretschmann scalar K (or Ricci curvature scalar) diverges at the

origin. However, the collapse time that R(tc) = 0 also diverges, which implies that the

comoving observer never meet a curvature singularity at the origin within finite time. This

feature is also shown in the limit of M = 0 in eq. (3.14). However, the preceding discussion

is the case in string frame. Taking into account a transformation, gµν → e4φgE
µν , where gE

5Rigorously speaking, the spacetime is the linear dilaton vacuum (LDV) since there still exists a dilaton

solution, eventhough the metric solution describes Minkowski spacetimes.
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Figure 4: A cartoon view of the effective potential when the exterior spacetime is Minkowskian.

The collapse scenarios depend on the initial velocity of the edge.

is an Einstein metric, the collapse time in the Einstein frame is

τc =

∫ tc

0
e−2φdt =

∫ tc

0
R(t)ℓdt =

R2
0ℓ

|u0|

(

1 − |u0|e−
|u0|
R0

tc

)

. (5.2)

Since the collapse time in string frame, tc, is infinite, one finds τc = R2
0ℓ/|u0|. Notice that

except for u0 = 0, the collapse time is clearly finite.

We, therefore, conclude that a naked singularity appears from the collapse of dust

clouds in Minkowski spacetimes (or LDV) in Einstein frame, which agrees to the previous

results in refs. [12, 17].

6. Discussions

We have demonstrated the formation of (2+1)-dimensional black string from the gravi-

tationally collapsing cylindrical dust ball in the viewpoint of the low-energy string the-

ory. Provided the dust clouds collapse and form an event horizon at a certain position,

the curvature singularity at R = 0 - rigorously speaking, a singular string at the origin

along x-direction - is cloaked by an event horizon and the dust cloud collapses to a three-

dimensional black string. Once an initial position of the edge of dust clouds is fixed, the

effective potential has a negative value within a region, Rmax, which gives rise to a contrac-

tion of the edge, regardless of its initial velocity and the edge will collapse to a point at tc,

at which the dilaton field and the energy density diverge, respectively. However, unlike the

previous works [12, 17], the edge (or the scale factor) has a zero velocity at t = tc, which

implies that the edge will stop contracting after the collapse, where a black string along

x-direction forms. On the other hand, there is no expanding scenario due to the shape of

the potential, which is one of main differences from the previous results.

An alternative choice of the exterior metric is to take a Minkowski spacetime, which

definitely describes a LDV solution. In this case, the collapsing behavior relies on the

– 10 –
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choice of the initial velocity of the edge, which yields two parallel collapse scenarios -

contracting and expanding clouds. Provided it contracts, the clouds will not form an event

horizon and one might expect an emergence of a naked singularity as an outcome of the

collapse. But, the curvature singularity at R = 0 appears in infinite collapse time and

the comoving observers will not experience it forever in the string frame. However, an

appropriate physical interpretation should be addressed in Einstein frame, notifying an

appearance of a naked singularity within finite time. In this sense, the collapse scenario

includes a violation of the cosmic censorship hypothesis, which coincides with the results

in refs. [12, 17].

The analysis in this work has some limitation, despite of its simplicity of the calcula-

tions. For example, in our context, the anti-symmetric NS-field vanishes as noted before.

The study on the formation of the black string with the NS-field might be achieved by

assuming the inhomogeneity of the clouds as a source of the charge or the clouds of real

charged particles in the low energy effective string theory.
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